Abstract
Introduction
The estimation of 3D motion and structure from sequences of images is well-known to be a difficult one lbecause of its instability but one whose solution has great potentials for many applications. One possible line of attack for this problem is to identify features in the sequence of images that is being analyzed, make sure that they belong to the same rigidly moving object in the scene, and track them over time. This tracking can be used directly t o establish useful constraints on the kinematic screw of the moving object and, sometimes, t o actually compute it. This might be called the instantaneow approach [17, 41. The tracking can also be used to establish correspondences be- tween images of the scene taken at different time instants. These correspondences can then be used t o estimate the displacement of the moving object or of the camera [lo, 5, 231. This might be called the discrete approach. For a complete review of discrete and continuous approaches to line motion analysis see [16] . In this paper we discuss only the discrete cwe.
Despite the case of points features [9, 24, 6, 12, 7, 14, 13, 19, 8, 151, the case of line features has not received much attention to our knowledge from the photogrammetry community and some attention from the computer vision community [ l , 2, 16, 181. The problem is as follows: given p triples of line correspondences in three images, assumed t o be on the same static object, is it possible to recover the camera displacements (three views are required because two views of straight lines do not impose any constraints upon the camera displacements)? Most of the work has been to write down the constraints that come out of the observation of one line in three views and t o propose algorithms for solving efficiently the system of nonlinear equations resulting from the observation of p such lines [lo, 5, 11, 21, 231.
The question of the critical sets of lines has only been brought up recently by Buchanan 11, 21. The problem can be phrased in a way that is similar to that of points: for a given algorithm, does there exist sets of lines such that, no matter how many lines we observe in these sets, we will always find several solutions .for the camera displacements. The reason why this is important should be clear now: having recovered the displacements it is then possible t o reconstruct the 3D lines. For obvious practical reasons, it is hoped that the solution for the displacements is unique, therefore yielding a unique interpretation of the scene.
In his 1992 papers [l, 21, Buchanan provides a positive answer to the question of the existence of the critical set of lines @. He also provides a description of its size itnd structure. Basically, it is a large set (m2 lines) since through every point of space there are in general three lines of \E and in every plane there are in general six lines of \E. This paper is a first attempt to build on his work and extend it in three directions. First, we cast his purely projective analysis in a more euclidean framework better suited to applications and, currently, more familiar to most of the computer vision community. Second, we clearly relate his critical set to those of previously published algorithms, in particular [lo, 111. Third, we introduce their algebraic equations and provide an effective, i.e. computational, approach for describing these critical sets in terms of simple geometric properties.
Preliminaries
Vectors are represented in bold face, i.e x. Transposition of vectors and matrices is indicated by t , i.e xt. For a given three-dimensional vector x we also use x to represent the 3 x 3 antisymmetric matrix such that xy = x A y for all vectors y.
We model our camera with the standard pinhole model and assume that everything is referred to the camera standard coordanate frame (Cxyz). In this paper, we call a camera and its optical center by the same letter. Therefore, a camera with C, as optical center is called camera C,. A 3D line going through the two points M I and M2 is denoted by (M1,Mz).
The Plucker line representation
The Plicker coordinates is the lines canonical representation in the projective space. There is an equivalent Plucker representation in euclidean geometry. We use this Plucker representation in which a line is rep- 
Camera Displacement
In this paper very often we have to represent the lines in different cameras coordinates. It is thus necessary to establish the relationship between the Plucker coordinates of a line in two different camera systems. Here, the quantities with subscripts 0 are expressed in the coordinate system of the camera before displacement. A camera displacement is defined by a rotation R, followed by a translation T. We take a 3D line D represented in the camera coordinate system by its Plucker coordinates (No, lo). Then there is the following relationship between the line coordinates in camera systems before and after the camera displacement (see Il61):
where the matrix D is defined as follows:
and E = 9R.
Motion and structure from 2 D to 2 D line correspondences
Suppose that we have a set of 2D line correspondences, between the images of of a 3D line taken by three cameras CO, C1, and Cz. Suppose also that the intrinsic camera calibration parameters are known. What we are looking for, is how to recover the relative displacements of the three cameras and the 3D structure of the line D .
We take a line represented by (N0,Io). After the camera displacement defined by a rotation matrix R,, and a translation T;, we represent it by (NiJi), i = 1 , 2 in the new cameracoordinate system. The Liu and Huang equations describe the relationships between these line representations by: We use these two properties to obtain the critical set of lines 9.
3.2
The Line Complex rut Let us consider an arbitrary plane II'. We associate to each point M' of II' the set of all the lines which intersect the three optical rays (C,, mi) homologous to In order to move further, we need another definition:
Definition 5 Let C be a point, we call S t u r ( c ) the set of all the lines passing through C.
It turns out that r n f contains the stars defined by the three optical centers. Suppose that a line D belongs to Rn;n; n Rn;n; and does not belongs to r p i 1 3 . We can then easily show that D belongs to @, and therefore (fin;=; nRn;n;) \ c I'pia3 \ Q, and that completes our proof. D E iPn;n; n R n p ; implies that:
Using the same arguments as in the proof of the proof: Let us note P:24 the intersection of II;, II;, and I I : . Using propositions 6 and 7, and noting that I'p;,3\ \k n I'p;lr \, Q = 8, the above result is straightforward. can be represented by (no 0), (niR1 -n:T1)*, and (n!R2 -n$Tz)*. Then the fact that the three planes intersect along the same line D is equivalent to the algebraic condition that the 4 x 3 matrix with those vectors as column vectors is of rank 2 (a rank of 1 would imply that the three planes are identical). This in turn is equivalent, as it is well known from linear algebra, that all four 3 x 3 determinants extracted from that matrix are equal t o zero.
One of the four above determinants is the left-hand side of equation (3), and the condition that the three other determinants vanish is equivalent to the equation (4) (see [5, 31).
We are now ready to prove the following proposition rn,. n rn.,.
the set of lilies which yields more solutions to equation Because of equation (2) we have
According to equation (13) and similar equations for 
0
Of course the standard Liu and Huang algorithm can be modified trivially to solve equations (3) and ( 
Complex Cone
As a line complex has infinitely many lines passing through each general point in space, it is neither easy to analyze nor possible to illustrate as a whole. Therefore, here we describe all the lines belonging to I'n, and passing through an arbitrary 3D point M.
We call it xn",. 5 An alternative analysis of the Line Congruence !
P
We introduce a different approach for the analysis of Q which follows directly from its definition, sheds a different light on its structure, and is well suited for computer implementations.
Algebraic Equations of The Line Congruence 9
Let us first define another simple line congruence 8 which will be useful for our upcoming analysis of Q. Similarly, using the second of the two equations 
Rep1ac:ing N1 ans N2 by their values in equation (18) we find: The optical center C1 has coordinates -R:T1 in the first coordinate system and C2 has coordinates -GT2. 11 and 12 correspond to the lines (M,Cl) and (M, C2) which are in Stur(C1) and Star(Cz), respectively.
Looking a t equations (16) and (19), it is easily seen that 13 is a vector for which both NiT; and NiTL are 0. But this means that the corresponding line In the next section, we see that for the same configuration of two triplets of cameras we find the same results using the above direct method and that of the intersection of four line complexes discussed in sections 3, 4, and 6. Varying may have one or three real solutions.
Finding the class of the line congruence Q is rather more complicated. To show that, Buchanan refers t o the works of Sturm(221. In the present paper, we also give a simple and complete demonstration. Using the algebraic equations of the line congruence Q we show how t o approach the problem and presents a way that given an arbitrary plane one can easily obtain the six lines of \E lying on that plane.
Let us now take a general plane 11 defined by a with E : = F;EiFz, and the matrices Ei, i = 
We are now ready to prove the following proposition.
Proposition 16
The lane congruence 9 is of class 6.
Proof: For any general plane 11, we first find all the lines in R which lie in that plane. We then exclude from the solutions the line belonging to the line congruence 8 (which is of class 1 according t o proposition 13). Note that since 11 is a general plane it does not contains any of the three optical centers and therefore any line of their associated stars.
As shown in equation ( 
Direct Approach
Once again we take a numerical example of a configuration of two triples of cameras as defined by the table 1 in section G . We take first also the same point M = (100 120
We solve the equations 22. We find the six solutions for 1. These solutions are shown in table 2.
It is easy to verify that 15 and 16 are respectively parallel to ( C I M ) and (CZM) and therefore the line D in these cases belongs respectively to Stnr(C1) and Star(C2). l4 corresponds to the only line belonging Intersections of the four complex cones and the three-focal-pane. plex cones is of degree three, it intersects the threefocal-plane r I~o~I~2 , defined as the plane containing the three optical centers CO, Cl, and C23 , along a cubic curve. That gives us the four cubics. Two of 8 Conclusion
In this paper we have studied the sets of lines which atlways yield multiple solutions to the camera displacernent estimation problem. We have found that these sets were quite large and this may be the beginning of an explanation for the fact that practical experiments have shown the solutions found by previously published algorithms t o be quite sensitive t o perturbations. A complete analysis of the relationship between the sets of critical lines and the stability of the algorithms is an important task that is worth considering.
We have provided a clear description of the geometric and algebraic connections between the basic equat.ions that constrain the camera displacements (equat8ions (3-5)) and the critical sets of lines. We have done this in a mixed projective-euclidean framework which we have found useful t o communicate with our colleagues and t o actually draw snapshots of these strange and beautiful beings. :References
